In this paper we characterize the weakly connected dominating sets in the lexicographic product of two connected graphs. From these characterization, we easily determine the weakly connected domination number of the corresponding graph.
Introduction

Let G = (V (G), E(G)) be a connected graph and v ∈ V (G)
A subset X of V (G) is a dominating set of G if for every v ∈ (V (G)\X), there exists x ∈ X such that xv ∈ E(G), i.e., N [X] = V (G). It is a total dominating set if N (X) = V (G). The domination number γ(G) (resp., total domination number γ t (G)) of G is the smallest cardinality of a dominating (resp., total dominating) set of G. A dominating set S of V (G) is a weakly connected dominating set of G if the subgraph S w = (N G [S] , E w ) = (V (G), E w ) weakly induced by S is connected. Here, E w consists of all the edges in G with at least one vertex in S. A total dominating set S of V (G) is a weakly connected total dominating set of G if S w = (V (G), E w ) is connected. The weakly connected domination number γ w (G) (weakly connected total domination number γ wt (G)) of G is the smallest cardinality of a weakly connected dominating (resp., weakly connected total dominating) set of G. The concept of weakly connected domination has been investigated previously in [1] , [2] , and [3] .
Weakly Connected Domination in the Lexicographic Product of Graphs The lexicographic product G[H] of two graphs G and H is the graph with
Observe that any non-empty subset C of V (G) × V (H) (in fact, any set of ordered-pairs) can be written as C = ∪ x∈S ({x} × T x ), where S ⊆ V (G) and T x ⊆ V (H) for each x ∈ S. Henceforth, we shall use this form to denote any subset C of V (G) × V (H).
Lemma 2.1 Let G be a connected non-trivial graph. A subset S of V (G) is weakly disconnected (i.e. S w is not connected) if and only if the following property is satisfied: (N )
There exist x, y ∈ S with x = y such that
Proof : Suppose S w is not connected. Then there exist a, b ∈ N G [S] which are not connected by a path in S w . Assume first that a, b ∈ N G [S]\S. Let x, y ∈ S such that ax, by ∈ E(G) (which are also edges in S w ). Clearly, xy / ∈ E(G) and
Also, by assumption, V (P )\S = ∅. Suppose now that a i ∈ S or a i+1 ∈ S for all i = 1, 2, ..., k − 1. Then E(P ) ⊆ E( S w ) and so P is an x − y path in S w . Therefore, [a, x, a 1 , ..., a k , y, b] is an a − b path in S w , contrary to our assumption that S w is disconnected. Accordingly, there exist i ∈ {1, 2, ..., k − 1} with x i , x i+1 ∈ V (P )\S. Using a similar argument it can be shown that property (N ) is satisfied when a, b ∈ S and a ∈ N G [S]\S and b ∈ S.
For the converse, suppose that there exist x, y ∈ S with x = y such that
. Then x and y are not connected by a path in S w . Therefore S w is disconnected.
Lemma 2.2 Let G and H be connected non-trivial graphs and let
C = ∪ x∈S ({x} × T x ) ⊆ V (G[H]), where S ⊆ V (G) and T x ⊆ V (H) for all x ∈ S . Then C is
weakly connected in G[H] if and only if S is weakly connected in G.
Proof : Suppose C is weakly connected in G [H] . Suppose further that S is not weakly connected in G. By Lemma 2.1, there exist x, y ∈ S with x = y such that
, there are at least two distinct c i 's which are different from x and y. Let these vertices be labeled
is a path) and the corresponding a j 's as e 1 , e 2 , · · · , e r . Consider the (x, a) − (y, b) path
is an x-y path. Hence, by assumption, there exists j with 1 ≤ j ≤ r − 1 such that
, contrary to our assumption. Therefore S is weakly connected in G.
For the converse, suppose that
Since S w is connected and x, y ∈ S, by Lemma 2.1, there exists an x-y
Theorem 2.3 Let G and H be non-trivial connected graphs.
Then
is a weakly connected dominating set in G[H] if and only if either (i) S is a weakly connected total dominating set in G or (ii) S is a weakly connected dominating set in G and T x is a dominating set in H for every x ∈ S \ N G (S).
Proof : Suppose C is a weakly connected dominating set of
. This implies that y ∈ S and u ∈ N G (y). This shows that S is a dominating set in G. Moreover, by Lemma 2.2, S w is connected. If S is a total dominating set in G, then we are done. So suppose S is not a total dominating set in G.
For the converse, let
Suppose now that (ii) holds. If u / ∈ S, then because S is a dominating set of
∈ N G (z) for all z ∈ S \ {u}, then by assumption, T u is a dominating set in H. Since (u, t) / ∈ C, t / ∈ T u . This implies that there exists s ∈ T u such that ts ∈ E(H). It follows that (u, s) ∈ C and (u,
Accordingly, C is a weakly connected dominating set of G[H]. Proof : Suppose C = ∪ x∈S ({x} × T x ) is a minimum weakly connected dominating set of G [H] . By Theorem 2.3, S is a weakly connected dominating set in G, where T x is a dominating set of H for every x ∈ S \ N G (S) if S is not a total dominating set in G.
Corollary 2.4 Let G and H be non-trivial connected graphs with γ(H)
= 1. Then a subset C = ∪ x∈S ({x} × T x ) of V (G[H]) isSuppose |T z | ≥ 2 for some z ∈ S. Let a ∈ V (H) with deg H (a) = |V (H)| − 1. Define D x = {a} for all x ∈ S. Then C 1 = ∪ x∈S ({x} × D x )
is a weakly connected dominating set of G[H] by Theorem 2.3(ii). Moreover,
where
. This contradicts the fact that C is a minimum weakly connected dominating set of G [H] . Therefore, |T x | = 1 for all x ∈ S. Consequently, |C| = |S|. Next, let S 1 be a weakly connected dominating set of G.
is a weakly connected dominating set by Theorem 2.3(ii). Moreover, |S| = |C| ≤ |C 2 | = |S 1 |. This implies that S is a minimum weakly connected dominating set of G.
For the converse, suppose that C = ∪ x∈S ({x} × T x ) and S is a minimum weakly connected dominating set of G with |T x | = 1 for all x ∈ S, where T x is a minimum dominating set of H for each x ∈ S\N (S) if γ w (G) = γ wt (G).
By Theorem 2.3, C is a weakly connected dominating set of G[H].
If C 1 = ∪ x∈S 1 ({x}×L x )
is a weakly connected dominating set of G[H], then, by Theorem 2.3, S 1 is a weakly connected dominating set of
G. Let D 1 = S 1 ∩ N G (S 1 ) and D 2 = S 1 \ N G (S 1 ). Then |C| = |S| ≤ |S 1 | = |D 1 | + |D 2 | ≤ x∈D 1 |L x | + x∈D 2 |L x | = |C 1 |.
This implies that C is a minimum weakly connected dominating set of G[H].
The next result follows from Corollary 2.4.
Corollary 2.5 Let G and H be non-trivial connected graphs with γ(H)
We shall need the following simple lemma.
Lemma 2.6 Let G be a connected graph and let S be a weakly connected dominating set of
Proof : Let S be a weakly connected dominating set in G. If S is a total dominating set, then we are done. So suppose S is not a total dominating set. Then S \ N G (S) = ∅. For each y ∈ S \ N G (S), choose v y ∈ V (G) such that yv y ∈ E(G) and let
Further, since S is weakly connected and T 1 ⊆ N G (S), it follows that T = S ∪T 1 is a weakly connected total dominating set of G. Thus,
If, in particular, S is a minimum weakly connected dominating set of G, then γ wt (G) ≤ |T | = |S| + |T 1 | ≤ 2|S| = 2γ w (G). This proves the assertion.
Theorem 2.7 Let G and H be nontrivial connected graphs with γ(H)
= 2. Then a subset C = ∪ x∈S ({x} × T x ) of V (G[H])
is a minimum weakly connected dominating set in G[H] if and only if either (i) S is a minimum weakly connected total dominating set of G and |T
Proof : Suppose C = ∪ x∈S ({x}×T x ) is a minimum weakly connected dominating set of G [H] . By Theorem 2.3, S is a weakly connected total dominating set of G or S is a weakly connected dominating set of G and T x is a dominating set in H for every x ∈ S \ N G (S). Suppose that S is weakly connected total dominating set. Suppose further that that |T z | ≥ 2 for some z ∈ S. Let a ∈ T z and define
is a weakly connected dominating set by Theorem 2.3(i). This, however, is impossible because |C * | < |C|. Thus, |T x | = 1 for all x ∈ S and (i) holds. Suppose now that S is not a total dominating set in G. Suppose first that γ wt (G) < |S ∩ N G (S)| + 2|S \ N G (S)| ≤ |C|. Choose a minimum weakly connected total dominating set R of G and set S x = {v} for every x ∈ R, where v ∈ V (H). Then Y = ∪ x∈R ({x} × S x ) is a weakly connected dominating set by Theorem 2.3(i). It follows that γ wt (G) = |R| = |Y | < |C|, contrary to our assumption of C. Thus, by Lemma 2.6,
is a weakly connected dominating set by Theorem 2.3(ii). This is not possible because |C * | < |C|. Therefore, |T x | = 1 for all x ∈ S ∩ N G (S). Finally, suppose there exists w ∈ S \ N G (S) such that T w is not a minimum dominating set in H. Since T w is not a minimum dominating set in H, |T w | > 2. Let L w = {a, b} be a minimum dominating set in H.
is a weakly connected dominating set by Theorem 2.3(ii). Again, this is not possible because |C 1 | < |C|. Therefore, T x is a minimum dominating set in H for every x ∈ S \ N G (S).
For the converse, let C = ∪ x∈S ({x} × T x ) and suppose first that (i) holds. Then |C| = |S| = γ wt (G). Also, by Theorem 2.3(i), C is a weakly connected dominating set in G [H] . Let C 1 = ∪ x∈S 1 ({x} × D x ) be a weakly connected dominating set in G [H] . By Theorem 2.3, S 1 is a weakly connected dominating set of G. If S 1 is a total dominating set, then
Therefore, by Lemma 2.6,
. This shows that C is a minimum weakly dominating set in G [H] . If (ii) holds, then a similar argument may be used to show that C is a minimum weakly dominating set in G[H].
Theorem 2.8 Let G and H be nontrivial connected graphs with
γ(H) > 2. Then a subset C = ∪ x∈S ({x} × T x ), where S ⊆ V (G) and T x ⊆ V (H) ∀ x ∈ S, of V (G[H])
is a minimum weakly connected dominating set in G[H] if and only if S is a minimum weakly connected total dominating set of G and |T
Proof : Suppose C = ∪ x∈S ({x} × T x ) is a minimum weakly connected dominating set in G [H] . By Theorem 2.3, S is a weakly connected domiating set. Suppose S is not a total dominating set. Then S \ N G (S) = ∅ and T x is a dominating set in H for every x ∈ S \ N G (S), by Theorem 2.3. Since γ(H) > 2, it follows that |T x | > 2 for every x ∈ S \ N G (S). Now, by Lemma 2.6,
Let S 1 be a minimum weakly connected total dominating set of G and set Q x = {a} for every x ∈ S, where a ∈ V (H). Put Q = ∪ x∈S 1 ({x} × Q x ). Then Q is a weakly connected dominating set in G[H] by Theorem 2.3 (ii). Moreover, |Q| = |S 1 | = γ wt (G). Thus, |Q| < |C|, contrary to our assumption of C. Therefore, S is a weakly connected total dominating set of G. Using a similar argument, it can be shown that S minimum weakly connected total dominating set of G and |T x | = 1 for all x ∈ S.
For the converse, suppose that C = ∪ x∈S ({x} × T x ) and S is a minimum weakly connected total dominating set of G with |T x | = 1 for all x ∈ S. By Theorem 2.3 (i), C is a weakly connected dominating set of G [H] . If 
